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A. Description and Scenario

* End users of cloud computing hope cloud service providers can offer high quality
cloud environments that satisfy their individual requirements. Cloud computing
service providers wish to maximize their resource utilization, while maximizing
their profits. To make efficient use of their cloud computing system resources
while ensuring those resources’ availability to the end users, service providers
need to adopt a suitable load balance technique. Hence, to provide an efficient
cloud service to users while maximizing profit margins at the same time is

imperative to cloud service providers.



A. Description and Scenario (Cont’d)

* We proposed a generic mathematical programming model that can
be used for developing an algorithm for allocating resources and
virtual machines. The algorithm simulates the roles of the cloud
service provider and users in a cloud computing system. The
Lagrangean Relaxation Method was adopted here to obtain the optimal

solution for the problem of allocation.



A. Description and Scenario (Cont’d)

internal communication bandwidth of server k&

B eS

Be shared communication bandwidth within the
cloud computing system

P, total number of CPU cores in server k € S

M, total amount of RAM capacity in server k € S

H, total amount of HD capacity in server k € §

the maximum number of VMs allowable on

serverk € S




B. Mathematical Formulation

Problem Assumptions
* Virtual machines leased by specific users cannot be shared with others.
* Rewards gained from each user’s satisfaction is not in complete accord.

* Some users’ virtual machines should not be in the same physical
machine due to privacy considerations.

* The CPU core capability of each physical machine varies.

* The number of virtual machines each user needs varies.



Given Parameter

Given Parameter

Notation | Description

the index set of physical servers in the cloud computing system, which is

S
equal to {1,2,3,...,s}

B,*  |internal communication bandwidth of server k € §

shared communication bandwidth within the cloud computing system

total number of CPU cores in server k € S

processing capability of each CPU core in server k € S

total amount of HD capacity in server k € §

the maximum number of VMs allowable on server k € S

B
Py
&
M,  |total amount of RAM capacity in server k € S
H;
Vi




Given Parameter

Notation

Description

D

the index set of demands, hereafter referred to as either VPCs or users interchangeably,
onto the cloud computing system, which is equal to {1,2,3,...,d}

the reward of admitting user i € D (user i can be admitted only if his/her demands on

Vi all types of resources be fully satisfied)
W the index set of VMs required by user i € D, which 1s equal to {1,2,3,...,w,} (w; 1s also
‘ referred to as the total number of VMs required by user i € D)
D total amount of CPU processing capability required by useri € D on VM j € W,
m; total amount of RAM capability required by useri € Don VM j € W,
hl.j total amount of HD capability required by useri € D on VM j € W,
total amount of communication channel capacity required by user i € D between VMs j
ik Jand k e W,
the indicator function which is 1 if VM j € W, and VM [ € W, are allowed to be
ik

allocated on the same physical server, where users i and & are in D, and 0 otherwise




Decision Variables

Decision Variables
Notation | Description
1 if user i € D is admitted to the cloud computing system, and 0

Vi otherwise
X |11 VM j e W, of useri e D is allocated to server k € §, and 0 otherwise
t;  |the number of CPU cores allocated to VM j of user i on server &

11f VM j € W,ofuseri € D and VM k € W, of user i € D are allocated

f;jkl to server [/ € S, and 0 otherwise




Objective Function

* The problem 1s then formulated as the following problem to maximize

the total revenue:

d
max ) 7.y, (IP 1)
=1



Constraints
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Lagrangean Relaxation

LB < Optimal Objective Function Value < UB

[ Primal Problem (P) ]

UB
Adjust Lagrangean
4 LB Multiplier ( 4 )
Lagrangean L s
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craation Dual Problem
Problem (LR )

‘//'\ \
Subproblem o ® ® Subproblem

Optimal Solution Optimal Solution



Lagrangean Relaxation (Cont’d)
Zy (g g ) = mmZ -7,
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VieD VjeW; VkeS VieD VjeW; VkeS
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VieD VjeW,; VkeD YieW, VmeS
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Lagrangean Relaxation (Cont’d)

Subject to:

yi=0o0r1,VieD

tijx =0,vieD,Vje W, VkeS

Xijp =0o0r1,Vie D,Vje W, Vk €S

fiijww =00r1,Vvie D,VjeW,, Vk e W,k #j,VIES

(LR 1.1)
(LR 1.2)
(LR 1.3)
(LR 1.4)



Lagrangean Relaxation (Cont’d)

» The Lagrangean multipliers ut, u?, u3, u*, u>, ub, u’, u8, u°, uto, utt
are the vectors of {17}, {5i}s (Uijrum’> (3 (23 {uR}, (i3, (e
{ui}, 125 19Y and {u} i 1 1}, respectively, where
b, w? w3, ut u, ub u?, ul, u?, utt, utt are non-negative. In order to

solve (LR 1), 1t 1s decomposed into four independent and easily

solvable subproblems, as shown below.



Subproblem 1.1

related to decision variable y;:

Zsubl.l(ﬂl):min Zyz(_j/l—*_ﬂllwl) (Subll)

YieD

Subject to:

y;=0o0rl,VieD (sub1.1.1)



Lagrangean Relaxation (Cont’d)

* Subproblem 1.1 (sub 1.1) 1s further decomposed into |D| independent
minimization subproblems. In Subproblem 1.1 (sub 1.1), decision
variable y; has two options. The y; can be decided by examining the
coefficient —y; + pjw;. When —y; + pjw; is negative or zero, we set

y; to 1. Otherwise, we set y; to 0.

* The time complexity of Subproblem 1.1 (sub 1.1) 1s O(|D)).



Subproblem 1.2

related to decision variable £;;y,:

Z 2 (17, 447) = min Z Z Z L (14, _luijz'kﬂ-k)_ Z 1, B, (subl.2)

VieD VjeW,; VkeS VkeS

Subject to:

t,20,VieD,VjeW,VkeS (sub1.2.1)



Lagrangean Relaxation (Cont’d)

* Subproblem 1.2 (sub 1.2) can be further decomposed to |D|x|W;|x|S|
subproblems. This subproblem can be simply and optimally solved by

examining the coefficient of decision variable t; . It the coefficient

Uy — ,ul-zjknk 1s negative or zero, the value of t; 1s set the biggest

value; conversely, if up — ,ul-zjknk 1s bigger than zero, t;;; 1s set to zero.

* The time complexity of Subproblem 1.2 (sub 1.2) is O(|D|x|W;|x|S]).



Subproblem 1.3

related to decision variable x;;j:
Zsub13(,u1 ,le ,U3 ,u6 ,117 lu8,,u10,lu11)
= min y y y (— Il’ll ijk ﬂyz'kxykpg + ﬂ/fmzszjk + /ulzhijxijk T /Ulfxijk T /u;'O Xij ,UU )

VieD VieW, VkeS

+ Z Z z Z ll’lykl(xzjl + X)) [ Z Z Z Z Z ll'l;klm(xijm T Xm — Qg —1)

VieD VjeW, VkeW; VieS VieD VjeW, VkeD VIeW, VmeS

—Z(,u,fM + 1 H, +1V,) (sub1.3)

YkeS

Subject to:

xijx =00r1,Yi € D,Vj € W;,Vk €S (sub1.3.1)



Lagrangean Relaxation (Cont’d)

* In order to solve the subproblem 1.3 (sub 1.3), we first reformulate

(sub 1.3) by applying [1], as shown below.

[1] Frank Yeong-Sung Lin, “Quasi-static Channel Assignment Algorithms for Wireless Communications Networks,”

Information Networking, 1998. (ICOIN-12) Proceedings, Twelfth International Conference, pp. 434-437, Jan 1998.



Subproblem 1.3’

related to decision variable x;;j:
Zsub13(,u1 ,le ,113 ,u6 ,117 lu8,,u10,lull)
= min y 7 y (— /Uz ik ﬂyz'kxijkpg + lulfmijxijk + /ulzhiszjk + ﬂlf'xijk + /Ug,l-o Xijk ,UU )

VieD VieW, VkeS

+ Z Z Z ﬂyklxyl + Z Z Z Z Z ﬂ;‘klm (X + X — Qg — 1)

VjeW, VieD VieS VieD VjeW, VkeD VIeW, VmeS
—Z (M, +p H, +u1V) (sub1.3")
VkeS
Subject to:

Xijp =00r 1,Vie D,Vje W;,,Vk €S (Sub1.3.1')



Lagrangean Relaxation (Cont’d)

* In Subproblem 1.3’ (sub 1.3”), decision variable x; j; has two options.

As a result, the value of x;;; can be determined by applying

exhaustive search.

* The time complexity of Subproblem 1.3’ (sub 1.37) 1s O(|D|x|W ;|x|S]).



Subproblem 1.4

related to decision variable f;jy;:

Z 14 (,u4, /19, ,UU) = min Z Z Z (lul4€ijkfijkl + lul9€ijk (1- fijkl )

VieS VieD VjeW, keW, k+j

= D0 D (f AD) = D (4B + 14 BY) (sub1.4)
VieD VjeW, VkeW,; VieS§ VieS
Subject to:

]pl-jkl:OOVI,\V/iED,VjEVV;,VkEVVi,VZES (Sub141)



Lagrangean Relaxation (Cont’d)

* Subproblem 1.4 (sub 1.4) can be optimally solved through analyzing the
composition of (sub 1.4). When

4 9
Divies Lviep 2vjew;kew; j=k (UL Cijicfijit T 1y Cijie (1 — fijrr)) of

subproblem 1.4 (sub 1.4) has minimum value and

Q.vieD ZVjEWi ZVREW,; Q.vies ”iljllcl(ﬁjkl +1) - szes(H?Bg + .U?BC) of

subproblem 1.4 (sub 1.4) has maximum value, (sub 1.4) is minimized.

* The time complexity of Subproblem 1.4 (sub 1.4) is O(|D|x|W ;|x|W ;|x|S]).



Getting Primal Feasible Solutions

* By applying Lagrangean Relaxation method, a theoretical lower bound
on primal objective function can be found. Moreover it provides some
suggestions for obtaining primal feasible solutions.

* However, the result of the dual problem may be invalid to the original
problem since some important and complex constraints are relaxed.
Therefore, a heuristic 1s needed here to tune infeasible solutions
feasible.

* In order to obtain primal feasible solutions and an upper bound of (IP
1), the outcome of (LR 1) and Lagrangean multipliers are used as hints
for deriving solutions. The concept of the proposed heuristic 1s
described below.



Getting Primal Feasible Solutions (Cont’d)

* Recall that subproblem 1.1 1s related to decision variable y;, which
determines whether the user 1s admitted by cloud service provider or
not. The concept used to develop a Drop and Add Heuristic to obtain
primal feasible solutions by dropping and adding users to cloud
environment.

* Initially, we check whether the outcome of (LR 1) can satisfy all
constraints of (IP 1). If one of the constraints of (IP 1) 1s not satisfied,
Drop and Add Heuristic will be used. There are two steps in Drop and
Add Heuristic and the first step 1s dropping step.



Getting Primal Feasible Solutions (Cont’d)

* The main purpose of the dropping step 1s to drop users one by one
through adjusting the number of users or particular users we admit. By
using the hint provided by subproblem 1.1, we propose three
strategies.

e In the first strategy, subproblem 1.1 has the minimum value when pjw; is
minimized. Hence, we drop the biggest ui w; one after another.

* In the second strategy, once —y; has the smallest value, the subproblem 1.1
can obtain the optimal solution. Therefore, we drop the biggest —y; one by one.

e The third strategy is similar to the first and second strategy. When —y; + pijw;
1s minimized, subproblem 1.1 1s also minimized. As a result, we drop the
biggest —y; + pjw; one after another.



Getting Primal Feasible Solutions (Cont’d)

* The dropping process keeps dropping users sequentially according the
given strategies mentioned above, and it stops while all the decision
variables meet the constrains of (IP 1).

* The process in dropping step reallocates the remaining users’ VMs as
much centralized as possible (on the same physical machine) under the
premise that all constrains of (IP 1) are met. This reduces the severity
of internal fragmentation, and we named such process as compression.



Getting Primal Feasible Solutions (Cont’d)

* When we drop users sequentially, the degree of violation of constraints
are also reduced. However, when the number of users 1s decreased, the
rewards are also reduced. So, when we reduce the number of users that
satisfy all constraints of (IP 1), we should consider about admitting

more users to gain more rewards.



Getting Primal Feasible Solutions (Cont’d)

* The second step of Drop and Add Heuristic 1s adding step. There are also
three strategies.

* The first strategy considers the rewards that users give to cloud service provider. We

add users with the biggest reward one by one.

* In the second strategy, the cloud service provider has to spend resources for
admitting users into cloud environment. Consequently, we admit users who has the

smallest requirement one after another.

* At last, we use the net profit to decide the order of admitting users. The users with

the biggest net profits are added into our system one by one.



Getting Primal Feasible Solutions (Cont’d)

* The adding process considers the resource limits of physical machines
and the upper limit of VM instances. When the given constrains are
met, the cloud service provider allocates the VM j of user i on physical

machine k, and check over all constrains of (IP 1).

* Then executes these actions repeatedly until all constrains of (IP 1) are
satisfied. Every user requests will perform the compression process to

minimize internal fragmentation.



Getting Primal Feasible Solutions (Cont’d)

Table 3 Drop and Add Heuristic

// Stepl: dropping process

switch (dropping strategy) {

case |:
sort admitted users by uiw; value in descending order:
break:

case 2:
sort admitted users by —y; value in descending order:
break:

case 3:

sort admitted users by —y; + uiw; value in descending order:
break:

N

35



while (decision variables not satisfy constraints) {
remove users one by one according to the dropping strategy:

j

do the compression process:

// Setp2: adding process

switch (adding strategy) {

case 1:
sort not admitted users by their rewards in descending order:
break:

case 2:
sort not admitted users by their costs in ascending order:

break:

case 3:

sort not admitted users by their net profits in descending order:

break:

36



while (decision variables satisfy constraints) {
for each (not admitted users in order) {
assign proper VMs to users:
allocation user’s VMs to proper server:

if (decision variables satisfy constraints) {

admit the user 1into cloud environment:

do the compression process:

(S

37



[II. Experiment Results



Experiment Results

* To prove the LR algorithm and the proposed heuristic are effective,

we used the optimal software Lingo for comparison purposes.

* Before that, we compared the different drop and add strategy
combinations in the LR algorithm to determine which drop and add

combination 1s more effective.



Experiment Results (Cont’d)

* Parameter setting

* User demand (including CPU, RAM, HD respectively)
* Level 1: Highest demand (150)
* Level 2: Medium demand (80)
e Level 3: Lowest demand (60)

* Cloud service provider
* Total number of VM: 50

* Total number of physical server: 50

* Total number of CPU cores, computing capability, RAM and HD: 3,000



Experiment Results (Cont’d)

Case3: drop users by
Case 1: drop users by u!w; | Case2: drop users by —y; 1
— Vi T Ui W;

Case 1: add users by Reward 7,100 Reward 6,800 Reward 7,100
their rewards (y;) Time (m) 168.2 Time (m)  201.6 Time (m) 189.7
Case 2: add users by Reward 7,100 Reward 6,800 Reward 7,100
their costs (u;w;) Time (m) 168.2 Time (m)  177.3 Time (m)  191.3
Case 3: add users by Reward 7,400 Reward 7,100 Reward 7,400
their net profits (—y; +

Time (m) 185.3 Time (m) 177.1 Time (m) 190.9

Ui wy)

41



Experiment Results (Cont’d)

Reward of Different Algorithm

8.000
7.500
7,000
6.500
6,000
5,500
5,000
4,500
4,000
3.500

Optimal Objective Function Value
(Reward)

(20, 50, 15) (30, 50, 15)
Lagrangean Relaxation 3.800 5.700
=] _.ingo (Local Solution) 3.800 5.200
we | ing0 (Global Solution) 3.800 5.800

(40, 50, 15)
7.400
6,700
7.500

Parameter Setting (user, v, server)
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Experiment Results (Cont’d)

Time Consumption of Different Algorithm

3.500
3.000
2,500
2,000
1,500
1,000
500

0

Time (minute)

-] agrangean Relaxation
==]_1ngo (Local Solution)
====]_1ngo (Global Solution)

/

_==£

(20, 50, 15) (30, 50, 15) (40, 50, 15)
115.62 232.17 185.25
192.42 349.72 558.50

1,713.30 2.599.07 2.974.70

Parameter Setting (user, vin, server)
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Experiment Results (Cont’d)

Gap of Different Algorithms

(20, 50, 15) (30, 50, 15) (40, 50, 15)

Lagrangean Relaxation 0% 4.17% 5.71%

Lingo (Local Solution) 0% 10.34% 10.67%

Lingo (Global Solution) 0% 0% 0%

44



IV. Conclusions



Conclusions

* The main contribution of this research 1s the production of a generic
mathematical model that can develop an algorithm for allocating resources

and virtual machines.

* From the experiment result, we found that our proposed Lagrangean
relaxation-based algorithm and drop and add heuristic show excellent

performance in effectiveness and efficiency in comparison with Lingo.

* From the outcomes of these experiments, we conclude that our research can

be effectively applied in real-world situations.






