3    Solution Approach

3.1 Lagrangean Relaxation

Lagrangean relaxation is a powerful mathematical technique designed for large-scale linear programming problems in the 1970s [5][28]. Besides large-scale linear programming problems, Lagrangean relaxation method has been applied to a lot of well-known integer programming problems and achieved very good performance (e.g. the traveling salesman problem). The main steps of Lagrangean relaxation method are as following: Relax complicating constraints, multiple the constraints relaxed with corresponding Lagrangean multipliers, and add them to the primal objective function. By using the Lagrangean relaxation method, we can transform the primal problem (IP) mentioned in section 3.3 into the following Lagrangean relaxation problem (LR) where Constraints (3)-(8), (10), and (12) are relaxed:



Problem (LR)
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(LR) can be further decomposed into the following six independent and easily solvable subproblems.



Subproblem 3.1 (related with decision variable 
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The objective function can be rewritten as
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The problem can be further decomposed into 
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 subproblems. In each subproblem, we can find that the problem of minimizing the first term of (R3.1) is equivalent to find a shortest path for O-D pair w, in the case the arc weights are 
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Algorithm 3.1 (a solution to Subproblem 3.1)

Step I. Find a solution to the following shortest path problem. (e.g. via Dijkstra’s algorithm [Dijk59])
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Assume the shortest path found is 
[image: image59.wmf]*

p

 and the optimal objective function value is 
[image: image60.wmf]*

F

.

Step II. IF 
[image: image61.wmf]å

Î

>

W

w

w

w

e

K

K

a

F

3

*

, THEN set 
[image: image62.wmf]e

p

x

 to zero for all 
[image: image63.wmf]e

w

P

p

Î

; ELSE set 
[image: image64.wmf]e

p

x

 to one if 
[image: image65.wmf]*

p

p

=

and zero otherwise.

□







Subproblem 3.2 (related with decision variable 
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The problem can be further decomposed into 
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 subproblems. For each subproblem, the optimal solution can be found by exhaustively searching on all possible 
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Subproblem 3.3 (related with decision variable 
[image: image77.wmf]e

j

g

)


[image: image78.wmf](

)

å

å

Î

Î

B

j

E

e

e

j

e

j

je

g

T

a

b

,

min

4


[image: image79.wmf]å

å

Î

Î

-

B

j

E

e

e

j

je

g

a

5



s.t.:


[image: image80.wmf](

)

N

g

T

e

j

e

j

£

b

,

 

)

23

(



[image: image81.wmf]E

e

B

j

Î

Î

"

,

.



Constraint (23), which is implied by Constraints (6) and (9), is a redundant constraint and is adapted here in order to improve the solution efficiency.

This problem can be further decomposed into 
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The problem can be further decomposed into 
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 subproblems. For each subproblem, the optimal solution can be found by exhaustively searching on all possible 
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The key point to solve the problem is the following assertion:



Assertion 3.1

The value of decision variables 
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Assertion 3.1 can be proved by the following arguments. Assume that the optimal solution 
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Before we further propose our solution procedure, we would like to make some observations of the behavior of (sub3.5) over m. By introducing the necessary condition of optimality, for a fixed m, we shall select exactly m 
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Algorithm 3.2 (a solution to Subproblem 3.5)


Step0.
Initialize. SET optimal = 0, m = 0, 
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Step1.
For all 
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Step2.
2-a.
SET k = 0.




2-b.
Set the first k 
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’s to 1 (in the order sorted at Step 1) and others to zero. Calculate the objective function value. Assume the value is f.




2-c.
IF f < optimal,

THEN SET optimal = f, m = k.

ELSE GOTO Step3.




2-d.
SET k = k+1.




2-e.
IF 
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Step3.
Set the first m 
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Fig. 3.1  Behavior of (sub3.5) over m



Subproblem 3.6 (related with decision variables 
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The objective function can be rewritten as
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The problem can be further decomposed into 
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 is a constant and can be ignored in our solution procedures.) The difficulty of the problem mainly arises from the product form of two decision variables, 
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 and 
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. The key to solve the problem is based on the observation that practically, there are limited options on the transmission radius of a base station, i.e., the possible values of 
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, the problem is a typical bang-bang problem and could be solved easily. Algorithm 3.3 describes the procedure.



Algorithm 3.3 (a solution to Subproblem 3.6)


Step 0.
Initialize. SET optimal = 0, current = 0, 
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Step 1.
LOOP for all 
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1-a.
SET 
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1-b.
LOOP for all 
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THEN SET 
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;

ELSE SET 
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1-c.
SET current = current objective function value.




1-d.
IF current < optimal,

THEN SET optimal = current;

ELSE restore the values of 
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 and 
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’s in previous loop.


3.2 The Dual Problem and the Subgradient Method

According to the weak Lagrangean duality theorem [5], for any 
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 is a lower bound on 
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. The following dual problem (D) is then constructed to calculate the tightest lower bound.



Dual (D)
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s.t.:    
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There are several methods for solving the dual problem (D), of which the subgradient method [37] is the most popular and is employed here. Let a 
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. Then, in iteration k of the subgradient optimization procedure, the multiplier vector 
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The step size 
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Where 
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 is the primal objective function value for a heuristic solution (an upper bound on 
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